Abstract. We collect in this note some observations about original Welschinger invariants defined in [Wel05] . None of their proofs is difficult, nevertheless these remarks do not seem to have been made before. Our main result is that when X R is a real rational algebraic surface, Welschinger invariants only depend on the number of real interpolated points, and some homological data associated to X R . This strengthened the invariance statement initially proved by Welschinger.
Main results
A real symplectic manifold X R = (X, ω X , τ X ) is a symplectic manifold (X, ω X ) equipped with an anti-symplectic involution τ X . The real part of (X, ω X , τ X ), denoted by RX, is by definition the fixed point set of τ X . An almost complex structure J on X is called τ X -compatible if it is tamed by ω, and if τ X is J-anti-holomorphic. In this note, the manifold X R will always be compact of dimension 4 with a non-empty real part, and we denote by H −τ X 2 (X; Z) the space of τ X -anti-invariant classes. A non-singular projective real algebraic variety is always implicitly assumed to be equipped with some Kähler form which turns it into a real symplectic manifold. All algebraic surfaces considered here are assumed to be projective and non-singular.
Let X R = (X, ω X , τ X ) be a real compact symplectic manifold of dimension 4, and denote by L 1 , · · · , L k the connected components of RX. Choose a class d ∈ H 2 (X; Z), and a vector r = (r 1 , · · · , r k ) ∈ Z k ≥0 such that
Choose a configuration x made of r i points in L i for i = 1, · · · k, and s pairs of τ X -conjugated points in X \ RX. Given a τ X -compatible almost complex structure J, we denote by C X R (d, x, J) the set of real rational J-holomorphic curves in X realizing the class d, and passing through x. Then we define the integer where m(C) is the number of nodes of C in RX with two τ X -conjugated branches. For a generic choice of J, the set C X R (d, x, J) is finite, and W X R ,ρ (d; s) depends neither on x, J, nor on the deformation class of X R (see [Wel05, Wel15] ). We call these numbers the Welschinger invariants of X R . The main result of this paper, Theorem 1.3 below, is that when X R is a real rational algebraic surface, Welschinger invariants eventually only depends on s and some homological data of X R .
Remark 1.1. The set C X R (d, x, J) is clearly empty when either c 1 (X) · d ≤ 0, or d / ∈ H −τ X 2 (X; Z), or the partition ρ contains two positive elements. This implies that W X R ,ρ (d; s) = 0 in these cases. Remark 1.2. We restrict ourselves to original Welschinger invariants as defined in [Wel05] , and do not consider the more general modified Welschinger invariants defined in [IKS13, IKS15, IKS17] , and also considered in [BP15, Bru18] . Further, because of Remark 1.1, the invariants W X R ,ρ (d; s) are usually considered with a partition ρ containing a single positive entry corresponding to a connected component L of RX. In this case, the invariant W X R ,ρ (d; s) in this text corresponds to the invariant W X R ,L,[RX\L] (d; s) in [BP15, Bru18] , to the invariant W s (X R , d, L, 0) in [IKS17] , and to the invariant W (X R , d, L, 0) in [IKS13, IKS15] if s = 0. Our motivation to consider arbitrary partitions ρ comes from Theorem 1.3.
Two real rational algebraic surfaces X 1,R and X 2,R are said to be homologically equivalent if both are obtained, up to deformation, as a real blow-up π i : X i,R → X 0,R of a real minimal algebraic surface X 0,R at p distinct real points and q distinct pairs of τ X 0 -conjugated points. We emphasize that the distributions of the p real points among connected components of RX 0 may not coincide for π 1 and π 2 . Note nevertheless that
Denoting by E 1 , · · · E p (resp. F 1 , F 1 , · · · , F q , F q ) the exceptional divisors coming from the blowups at real points (resp. at pairs of τ X 0 -conjugated points), the map π i induces the following decomposition
which is orthogonal with respect to the intersection form. Furthermore, the action of τ X i is given by
In particular, the two maps π 1 and π 2 provide an identification of the groups H 2 (X 1 ; Z) and H 2 (X 2 ; Z) commuting with both intersection forms and action of the anti-symplectic involutions. We denote by [X R ] the homological equivalence class of a real rational algebraic surface X R . 
Corollary 1.5. Let X R be a compact real rational algebraic surface with a disconnected real part. Suppose that X R is a real blow-up of another real rational algebraic surface in at least two real points, and denote by E 1 and E 2 the corresponding exceptional divisors. Then for any d ∈ H 2 (X; Z) such that both
Combining Theorem 1.3 with [Wel07, Theorem 1.1], we obtain the following. Theorem 1.6. Let X R be a compact real rational algebraic surface with a disconnected real part, and assume that c 1 (X) · d − 1 − 2s > 0. Then one has
is sharp in the following sense: there exists a compact real rational algebraic surface Theorem 1.9. Let X R and Y R be two compact real rational algebraic surfaces with a disconnected real part, differing by a surgery along a real Lagrangian sphere, and such that χ(RY ) = χ(RX) + 2.
Theorem 2.1 is obtained thanks to a real version of a (very simple instance) of the symplectic sum formula from [IP04, LR01, TZ14], see also [Li02, Li04] for an analogous formula in the complex algebraic category. It turns out that the same strategy provides a formula similar to Theorem 2.1 for relative Gromov-Witten invariants of symplectic 4-manifolds. This observation suggests a possible connection of our work to tropical refined invariants defined in [BG16, GS16] . We discuss this aspect in Section 4. In particular, we provide there an alternative explanation for the specializations in q = ±1 of the tropical refined descendant invariants from [GS16] . We also show that a refined version of a conjecture by Itenberg, Kharlamov and Shustin [IKS04, Conjecture 6] holds, although it was known to be wrong in the non-refined case.
The remaining of the paper is organised as follows. We introduce surgeries along real Lagrangian spheres in Section 2, then state and prove Theorem 2.1. All statements given in the present section can easily be derived from Theorem 2.1 and previously known results. Proofs are given in Section 3. Finally, we discuss in Section 4 connections of our work to tropical refined invariants of algebraic surfaces and refined Severi degrees.
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Surgery along a real Lagrangian sphere
Let X R = (X, ω X , τ X ) be a real compact symplectic manifold of dimension 4, and let S ⊂ X be a Lagrangian sphere globally invariant under τ X . Locally, a neighborhood V of S is given by a neighborhood in the real affine quadric (Q, ω Q , τ ) in C 3 given by the equation
of the sphere S Q in i ε 1 R × i ε 2 R × i ε 3 R with equation
As explained in [Bru18, Section 2.2], one can modify the symplectic and real structure of X R in V so that V is now given by a neighborhood of S Q in the real affine quadric in C 3 with equation
The resulting real symplectic manifold Y R is called a surgery of X R along S (see Figure 1 for a local picture). Note that, with the convention that χ(∅) = 0, we have Suppose that χ(RY ) = χ(RX) + 2, and let ρ be a vector whose entries are indexed by connected components of RY . If S ⊂ RY , we further assume that the entry of ρ corresponding to S vanishes. We denote by S τ X (resp. S τ Y ) the fixed point set of the involution τ X | S (resp. τ Y | S ). In particular, we have either S τ X = S 1 and S τ Y consists in 2 points, or S τ X = ∅ and S τ Y = S. The connected components of RY \S τ Y are canonically in one-to-one correspondence with the connected components of RX \ S τ X . Hence one can associate to ρ a vector ρ whose entries are indexed by the connected components of RX: the entry corresponding to the connected component L of RX is the sum of the entries corresponding to the connected component of
Next Theorem 2.1. Let X R be a compact real symplectic manifold of dimension 4. Let S be a real Lagrangian sphere in X R , and Y R a surgery of X R along S. Suppose that χ(RY ) = χ(RX) + 2. Then for any class d ∈ H −τ Y 2 (X; Z), the following identity holds
whenever the entry of ρ corresponding to S vanishes if S ⊂ RY .
Proof. Note first that the identity we want to prove is independent on the orientation chosen on S to define an element [S] ∈ H 2 (X; Z). By [Bru18, Remark 1.3], this identity can be rewritten in the following form once such orientation is chosen:
Recall (see [Bru18, Section 2.2]) that X R can be deformed to a real symplectic 4-manifold (Z, ω Z , τ Z ) for which S, equipped with the chosen orientation, becomes symplectic. Choose a real configuration of points x in Z with s pairs of τ Z -conjugated points, and ρ L points in L for each connected component L of RZ \ RS. Choose also a τ Z -compatible almost complex structure J on Z for which S is Jholomorphic. Given an integer k ≥ 0, we denote by 
; s) may depend on the choices of x and J, nevertheless we will not record this dependence in our notation in order to lighten the exposition. By [BP15, Theorem 2.5(1)], we have
and
Denoting by A the right-hand-side of (1), and using the last identity, we obtain
By the change of variable j = l − k, we obtain
Hence the coefficient of
that is to say
We denote by u l,b,β the coefficient of b β in the latter sum. We have
Hence we get
and so
This implies that
which is precisely what we have to prove.
Remark 2.2. Theorem 2.1 can clearly be generalised to modified Welschinger invariants introduced in [IKS13] , at the cost of much heavier notations. It may be nevertheless interesting to work out such generalisation.
As an example of application of Theorem 2.1, we have the following.
Proposition 2.3. Let X R be a compact real symplectic manifold of dimension 4. Let X R be the blow up of X R at two disjoint real balls, and Y R be the blow up of X R at two τ X -conjugated disjoint balls. In both cases we denote by E 1 and E 2 the two exceptional divisors. Then for any class d ∈ H −τ X (X; Z), one has
The notation ρ both for X R and Y R in the theorem makes sense since the connected components of R X and R Y are in a canonical one-to-one correspondence.
Proof. This is Theorem 2.1 applied to the class Corollary 2.4. Let X R be a compact real symplectic manifold of dimension 4, and let X R be the blow up of X R at one real ball. We denote by E the exceptional divisor. Then for any d ∈ H −τ X (X; Z) and s ∈ Z ≥0 such that c 1 (X) · d − 2s ≥ 3, one has
Proofs of the main results
As mentioned in Section 1, a classification of real rational algebraic surfaces up to deformation, real blow-up, and surgery along a real Lagrangian sphere is easily obtained combining [DK02, Main Theorem and Theorem 2.4.1] together with the classical rigid isotopy classifications of plane real quartics, of real cubic sections of the quadratic cone in CP 3 , and of real quadrics in CP 3 (see for example [DK00] ). We implicitly use this classification in the following five proofs.
Proof of Theorem 1.3. The surface X R can be degenerated to a nodal real algebraic rational surface X R with a connected real part and having only real nodes. Blowing up these nodes, we obtain a non-singular real algebraic rational surface Z R with a connected real part. By construction X R is obtained, up to deformation, by surgeries along the disjoint union of the exceptional divisors of the desingularization Z R → X R . Now the proposition is an immediate consequence of Theorem 2.1.
Proof of Corollary 1.5. Up to choosing another representative of [X R ], we may assume that RE 1 and RE 2 do not lye on the same connected component of RX. In particular by connectedness of RP 1 , the set C X R (d, x, J) is clearly empty for any configuration x.
Proof of Theorem 1.6. Up to choosing another representative of [X R ], we may assume that a connected component L of RX is homeomorphic to the sphere S 2 . If c 1 (X) · d − 1 − 2s ≥ 2, the result follows from Remark 1.1. If c 1 (X) · d − 1 − 2s = 1, then we choose the configuration x such that x ∩ RX ⊂ L. Now the result follows from [Wel07, Theorem 1.1].
Proof of Theorem 1.8. Any real rational algebraic surface can be obtained by a finite sequence of deformations, real blow-ups, and surgery along real Lagrangian spheres, starting from either CP 2 or the quadric hyperboloid QH in CP 3 .
Let Y 1,R and Y 2,R be two real algebraic surfaces obtained by blowing up a real rational surface Y R in respectively two real and τ Y -conjugated points. Denoting by E 1 and E 2 the two exceptional divisors, the real surface Y 2,R is obtained by a surgery along a real Lagrangian sphere realizing the
Since QH blown-up in l ≥ 1 real points is also CP 2 blown-up in l + 1 real points, the result follows.
Proof of Theorem 1.9. Let S be a real Lagrangian sphere allowing to pass from X R to Y R by surgery. Since one has [S] 2 = −2 and c 1 (X) · [S] = 0, it follows from Theorem 1.6 that
; s) have the same sign. Now the result follows from Theorem 2.1.
Hypothetical connection to tropical refined invariants
We end this note by pointing out a possible connection of Theorem 2.1 to tropical refined invariants of algebraic surfaces, and refined Severi degrees.
Tropical refined invariants and surgeries along real Lagrangian spheres.
A nondegenerate convex polygon ∆ ⊂ R 2 with vertices in Z 2 defines a complex toric surface X ∆ together with a complete linear system d. Block and Göttsche proposed in [BG16] to enumerate irreducible tropical curves with Newton polygon ∆ and genus g as proposed in [Mik05] , but replacing Mikhalkin's complex multiplicity with its quantum analog. One obtains in this way a Laurent polynomial in the variable q, called tropical refined invariant and denoted by G X ∆ (d, g), which does not depend on the configuration of points chosen to define it [IM13] . By [Mik05] , the value G X ∆ (d, g)(1) recovers the number of complex irreducible algebraic curves of genus g in X ∆ realizing the class d, and passing through a generic configuration of c 1 (X ∆ ) · d − 1 + g points. Any complex toric surface has a standard real structure induced by the standard real structure on (C * ) 2 , and we denote by X ∆,R the corresponding real toric surface. It also follows from [Mik05] that when X ∆,R is a real unnodal toric del Pezzo surface (i.e. CP 1 × CP 1 or CP 2 blown up in at most 3 real points not contained in a line), one has
In other words, tropical refined invariants interpolate between Gromov-Witten invariants (for q = 1) and Welschinger invariants with s = 0 (for q = −1) of X ∆,R when both are defined. Tropical refined invariants are conjectured to agree with the χ y -refinement of Severi degrees introduced in [GS14] .
In the case of a real unnodal toric del Pezzo surface X ∆,R , Göttsche and Schroeter defined in [GS16] Nevertheless, tropical refined invariants seem to behave nicely under degenerations of the ambient algebraic surface (or symplectic 4-manifold). In particular, a connection of our results to tropical refined invariants may be suggested by the following observation: relative Gromov-Witten invariants of symplectic 4-manifolds satisfy a formula similar to the one from Theorem 2.1. To make this precise, we need first to introduce some additional notations.
Let (X, ω X ) be a compact symplectic manifold of dimension 4, containing a finite union U = E 1 ∪ . . . ∪ E κ of pairwise disjoint embedded symplectic spheres with [E i ] 2 = −2. Let also J be an almost complex structure on X tamed by ω X , for which all curves E 1 , . . . , E κ are J-holomorphic.
We define GW U (X,ω) (d) as the number of irreducible J-holomorphic rational curves f : C → X with f * [C] = d, passing through all points in x, and whose image is not contained in
choice of J, this number is finite and does not depend on x, it is called a Gromov-Witten invariant of (X, ω) relative to U . Given an element E of U , we define U = U \ {E}. Given two integer numbers m and k, we define
Proposition 4.1. One has
In particular if d · [E] = 0, then one has
Proof. It follows immediately from [BP15, Corollary 3.8] that
So the first formula follows from [Bru18, Proposition 3.12]. If d · [E] = 0, this formula becomes
Thanks to the equality
, we obtain the desired result.
The combination of Theorem 2.1 with Proposition 4.1 implies the following "refined flavored" corollary.
Corollary 4.2. Let X R be either the quadric hyperboloid QH in CP 3 , or CP 2 blown-up at finitely many real points. Let also U = E 1 ∪ . . . ∪ E κ be a finite collection of pairwise disjoint real embedded symplectic spheres with [E i ] 2 = −2. Suppose that we are given a function Γ X R :
Let Y R be the surgery of X R along the real Lagrangian spheres E 1 , · · · , E κ , and define the following function
Then Γ Y R satisfies the two following properties: 4.2. A refined Corollary 2.4. Refined tropical descendant invariants defined in [GS16] can be computed using floor diagrams from [BGM12] , equipped with refined weights as indicated in [BS16] . Next proposition, whose proof we omit, is an easy corollary of this floor diagrammatic computation. Recall that QH is the real quadric hyperboloid in CP 3 . Proposition 4.3. Let X R be either QH or CP 2 blown-up in at most two distinct real points, and let X R be the blow-up of X R at one real point. We denote by E the exceptional divisor. Then for any d ∈ H 2 (X; Z) and s ∈ Z ≥0 such that c 1 (X) · d − 2s ≥ 3, one has
By Corollary 4.2, Proposition 4.3 is clearly a refined version of Corollary 2.4. In particular, an induction on s provides an alternative proof of [GS16, Corollaries 3.14 and 3.29] (however it does not explain the tropical invariance of the numbers G X R (d, 0; s)).
Example 4.4. One computes easily that the coefficient of degree
, we deduce from Proposition 4.3 that the coefficient of degree
In particular when s is maximal, this coefficient is equal to 2 or 3 depending on the parity of d.
Since all coefficients of G X R (d, 0; s) are positive for an unnodal real del Pezzo toric surface X R , Proposition 4.3 immediately implies the following.
Corollary 4.5. Let X R be either QH or CP 2 blown-up in at most two distinct real points. For d ∈ H 2 (X; Z), we denote by a r,s the coefficient of degree r of G X R (d, 0; s). Then one has
Corollary 4.5 may be seen as a refined version of [IKS04, Conjecture 6] . It is amusing that although this conjecture has been proven to be wrong in [Wel07] and [ABLdM11] , its refined version eventually holds.
4.3. Refined invariants of CP 1 × CP 1 and Σ 2 . Recall that the quadric hyperboloid QH can be deformed to the second Hirzebruch surface Σ 2 equipped with its toric real structure. This can be done algebraically by degenerating the quadric hyperboloid QH to a nodal quadric, and by blowing up the node. The surgery of X R along the expcetional curve in Σ 2 is, up to deformation, the quadric ellipsoid QE in CP 3 . Since both CP 1 × CP 1 and Σ 2 are toric, Corollary 4.2 suggests the following conjecture 2 .
Conjecture 4.6. We denote by a,b (resp. a,b ) the class in H 2 (CP 1 × CP 1 ; Z) (resp. G QH ( , g) and G Σ 2 ( , g) satisfy the following relations:
Note that this can be seen as a refined version of [BP15, Proposition 2.7]: denoting by h the hyperplane section class of the quadric ellipsoid QE, one has
In the next examples, we check that Conjecture 4.6 holds in a few cases. G Σ 2 ( 2,2 , 2) = G QH ( 4,2 , 2);
Example 4.10. A more interesting case is given by (a, b) = (3, 0) and g ∈ {0, 1, 2, 3}. We obtain the following
A refined version of the strategy used in [BM16] may lead to a combinatorial proof of Conjecture 4.6, however it is not clear that such a combinatorial proof will be geometrically meaningful. • a = 1: , g ) for a few a and b.
• a = 1:
• (a, b) = (2, 0):
G Σ 2 ( 2,0 , 1) = 1 g = 0 : G Σ 2 ( 2,0 , 0; s) = q −1 + (8 − 2s) + q
• (a, b) = (2, 2):
G Σ 2 ( 2,2 , 3) = 1 g = 2 : G Σ 2 ( 2,2 , 2) = 3q −1 + 22 + 3q 
